Photon anti-bunching, measured via the Hanbury-Brown-Twiss experiment, is one of the key signatures of quantum light and is tied to sub-Poissonian photon number statistics. Recently, it has been reported that photon anti-bunching or conditional sub-Poissonian photon number statistics can be obtained via second-order interference of mutually incoherent weak lasers and heralding based on photon counting [Phys. Rev. A 92, 033855 (2015); Opt. Express 24, 19574 (2016); arXiv:1601.08161]. Here, we report theoretical analysis on the limits of manipulating conditional photon statistics via interference of weak lasers. It is shown that conditional photon number statistics can become super-Poissonian in such a scheme. We, however, demonstrate explicitly that it cannot become sub-Poissonian, i.e., photon anti-bunching cannot be obtained in such a scheme. We point out that incorrect results can be obtained if one does not properly account for seemingly negligible higher-order photon number expansions of the coherent state.
I. INTRODUCTION
The normalized second-order correlation function g (2) (τ ) plays an important role in quantum optics by enabling to distinguish different kinds of light and is often measured via the Hanbury-Brown-Twiss experiment [1, 2] . Most importantly, it allows to distinguish different kinds of light. The chaotic light and the coherent light are associated with g (2) (0) ≥ 1 and they can be described well with the classical electromagnetic theory of light. Any light which exhibits g (2) (0) < 1, i.e., photon anti-bunching, is considered quantum as quantization of the electromagnetic field or the concept of photons is essential to describe its behaviors. As the coherent state exhibits Poissonian photon number statistics, light which exhibits photon anti-bunching is tied to sub-Poissonian photon number statistics [3] . There are indeed a wide variety of quantum light, such as, the Fock states [4] [5] [6] , multi-photon entangled states [7] [8] [9] [10] [11] , squeezed states [12, 13] , macroscopic superposition states [14, 15] , etc., and applications of quantum light includes quantum communication [16] , quantum computing [17] , quantum metrology [18] , etc.
A particular quantum state of light may be postselected [7-11, 19, 20] or heralded [5, 6, [21] [22] [23] [24] . In the heralding scheme, the statistical properties of the quantum state is conditioned by the heralding signal. One of the earliest experiments on a localized single-photon state relied on the heralding signal from a single-photon detection event of a two-photon state of spontaneous paramet- * yong-su.kim@kist.re.kr † yoonho72@gmail.com ric down-conversion [4] . In this example, the heralding signal causes the conditional photon number statistics to be sub-Poissonian, exhibiting photon anti-bunching, whereas unheralded photon number statistics would be that of the chaotic light, i.e., super-Poissonian exhibiting photon bunching. In fact, quantum state heralding is a powerful tool in preparing a complex quantum state of light and heralding schemes have been shown to generate a variety of non-classical light states, including various entangled states [21] [22] [23] [24] , photon added/subtracted states [25] , etc. The idea of heralding has also been expanded to heralding quantum processes such as, quantum storage of light [26] , quantum gates and operations [27] [28] [29] , etc.
Recently, it has been reported that photon antibunching or conditional sub-Poissonian photon number statistics can be obtained via second-order interference of mutually incoherent weak lasers and heralding based on photon counting [30] [31] [32] . Even with weak lasers at the single-photon regime, it is well-known that linear optical elements do not change the photon number statistics and effects such as interference and phase randomization do not produce quantum light, although they may produce chaotic light which exhibits photon bunching or superbunching [35] [36] [37] [38] . Then, the question becomes whether conventional single-photon detectors can indeed herald a non-classical light state exhibiting photon anti-bunching from the classical input light. In particular, what is the limit on manipulating conditional photon number statistics via interference of weak lasers and heralding based on photon counting?
In this paper, we report the theoretical analysis on the limits of manipulating conditional photon statistics via interference of weak lasers and heralding based on 
C (τ, τc). Electronic delays τ and τc are used to explore various interference conditions. photon counting. It is shown that conditional photon number statistics can become super-Poissonian in such a scheme. We demonstrate explicitly however that, contrary to Ref. [30] [31] [32] , it cannot become sub-Poissonian, i.e., photon anti-bunching cannot be obtained in such a scheme. Theoretical and numerical analyses show that such incorrect results can be obtained if one does not properly account for seemingly negligible higher-order photon number expansions of the coherent state even at the single-photon regime.
II. EXPERIMENTAL SCHEME
Consider first the well-known Shih-Alley/Hong-OuMandel experiment in which two single-photons impinge on a symmetric beam splitter via the two different input ports [33, 34] . As single-photons have no definite phase, no first-order interference is formed at the output of the beam splitter. If the two photons are distinguishable, they exit the beam splitter randomly. When coincidence counts are measured between the two detectors placed at each output port of the beam splitter, random coincidence events are measured. However, if the two singlephotons are made to be indistinguishable, second-order quantum interference causes the photons to coalescence. As a result, the two photons are always found together at the same output port of the beam splitter, causing the change of the photon number statistics. In this case, null coincidence counts are measured due to the secondorder quantum interference. The visibility, defined as the random coincidence counts subtracted by the coincidence counts due to quantum interference normalized to the random coincidence counts, in this case can reach the maximum value of one.
The experimental setup to manipulate conditional photon statistics via second-order interference of mutually incoherent weak lasers and heralding based on photon counting is inspired by the above mentioned ShihAlley/Hong-Ou-Mandel experiment. Instead of singlephoton states at the input of a symmetric beam splitter, we have two mutually incoherent weak lasers at the two input ports, see Fig. 1 . The setup is similar to the experiments in Ref. [30] [31] [32] [38] [39] [40] but we make use of the additional polarization degree of freedom to more clearly present the idea. Two beams of lasers a and b are prepared by splitting a laser beam with a beam splitter (BS). The mutual phase coherence between the two beams a and b is removed by using the acousto-optic modulators (AOM1 and AOM2) that are driven by independent RF sources [39, 40] . This is essential to ensure that there is no first-order interference between the two beams a and b as we overlap the two beams at the second BS. This configuration corresponds to the Shih-Alley/HongOu-Mandel experiment but with two classical light beams [33, 34, 39, 40] .
The second-order intensity correlation between the two output ports of the BS, c and d, can be manipulated by changing the interference condition. Figure 1 (a) shows a typical experimental setup to measure the second-order intensity correlation R cd (τ ) between the modes c and d. Here, τ denotes the time delay between two single-photon detection events at D c and D d . The interference condition can be easily changed by the polarization states of beams. In order to implement various interference conditions, the polarization states of the laser beams at a and b are set to be horizontal (|H a ) and vertical (|V b ), respectively. Then, the interference condition can be manipulated by changing the combinations of the polarization projection bases at the output modes c and d by using the polarizers (Pol). When the projection basis {|D c , |D d },
(|H + |V ), is chosen for the polarizers, the second-order intensity correlation R cd (0) reaches the minimum value. For the projection basis {|A c , |D d },
(|H − |V ), the second-order intensity correlation R cd (0) reaches the maximum value. We thus consider these bases in our analysis as they offer the theoretical maximum visibility of the second-order interference [38] [39] [40] .
Since the value of the second-order intensity correla-tion R cd (τ > τ coh ) = 1, where τ coh is the coherence time of the input light, if the input light is two mutually incoherent lasers, R cd (0) = 0.5 for the projection basis {|D c , |D d }. Thus, the visibility of the second-order classical interference in the Shih-Alley/Hong-Ou-Mandel setup is limited by V ≤ 0.5 [38] [39] [40] . This result nevertheless signals that photons are weakly bunched. On the other hand, if the measurement basis {|A c , |D d } is chosen, R cd (0) = 1.5 indicating that the photons tend to distribute themselves in different spatial modes. This simple argument allows us to ask what the limit would be for manipulating conditional photon statistics in a particular output mode c by using photon counting at the other output mode d as the heralding signal. In particular, we are interested in the conditional second-order intensity correlation function for mode c, g
C (τ, τ c ), heralded by the photon counting signal at mode d. The relevant experimental setup to measure g (2) C (τ, τ c ) is shown in Fig. 1(b) . Conditioned on the photon counting event at mode d, we use the Hanbury-Brown-Twiss setup to measure g (2) C (τ, τ c ), the conditional second-order intensity correlation function at mode c.
III. CONDITIONAL PHOTON STATISTICS
In this section, we show the state evolution following the experimental setup in Fig. 1 . The input to the first BS is a weak laser and its quantum state can be written in the Fock basis as,
where |λ denotes the λ-photon Fock state. The symmetric 50/50 beam splitter splits the incoming beam into two, each beam having the mean photon number corresponding to α/2. The quantum state of light at the output of the first BS is thus given by
where |m a and |n b represent the m and n photon Fock states, respectively. The photon creation operators at modes a and b are denoted asâ † andb † , respectively.
At each output of the first BS, an acousto-optic modulator (AOM) is placed. The AOMs are driven by independent and unsynchronized RF sources, making the incoming light beams mutually incoherent. Therefore, after the AOMs, the state of each frequency mode can be represented as
where ω a (ω b ) and γ ωa (γ ω b ) are the frequency mode and the phase given by the AOM1 (AOM2) at mode a (b), respectively. The state of light beams at the input mode a and b to the second BS thus can be written as,
where F (ω a ) and F (ω b ) are the frequency spectra of the light given by AOM1 and AOM2, respectively. The quantum description of the light beams at the input modes a and b to the second BS can then be fully written as,
Note that the photons in mode a and b are horizontally and vertically polarized, respectively. Since the BS input modes a and b are related to the output modes c and d according to the following relation,
the state of light at the output modes c and d of the second BS is given by,
where {C.C.} denotes the complex conjugate. Let us first consider the second-order intensity cross correlation, R cd (τ ), between modes c and d, defined as (ĉ H (ω) +ĉ V (ω)) for the polarizer angle setting at |D c . For polarization projection at |A c ,ĉ(ω) ≡
d (t) andd(ω) are defined similarly. In our analysis, we consider the polarization projection bases {|D c , |D d } and {|A c , |D d } as they offer the theoretical maximum visibility of the second-order interference [38] [39] [40] . Note that Eq. (8) can be measured by using the experimental setup shown in Fig. 1(a) .
Let us now consider conditional photon statistics at mode c, heralded by photon detection event at mode d. The relevant experimental setup is shown in Fig. 1(b) . To investigate the conditional second-order correlation g (2) C (τ, τ c ), an Hanbury-Brown-Twiss setup is placed in mode c and is triggered by the photon counting signal from detector D d . Assuming the single-photon detectors cannot resolve the number of photons, the second-order correlation at mode c heralded by photon detection at mode d can be written as,
Here,
is the heralding probability caused by a pphoton detection at detector D d . Since the photon counting detectors are not photon number resolving, a heralding signal may be caused either by a single-photon or by multiple photons. The heralding probability is given as,
The two-fold coincidence probability I 
Here, E (+)
f (ω)e −iωt dω are the field operators at detector D e and D f , respectively, with the annihilation operatorŝ e(ω) =
(ω). The conditional coincidence count rate between D e and D f , heralded by the photon detection event at D d , is given by the triple coincidence probability, C (τ, 0) is never below 1, meaning that the heralded photon states always remain classical.
IV. ANALYSIS
Even at the single-photon regime of |α| 2 , the fact that the laser follows the Poisson photon number statistics makes the analytical analysis difficult. Nevertheless, the conditional second-order correlation g (2) C (τ, τ c ) in Eq. (9) can be obtained analytically if we approximate the initial input state of Eq. (1) up to a finite photon number p. In the following analysis, we consider the analytic forms of g (2) C (τ, τ c ) truncated at the p-photon Fock state term. We consider the case of τ c = 0 because this is where the quantum nature of the heralded photon states can be best tested. For instance, the conditional second order correlation function truncated at p = 3 for an arbitrary α, is given as,
C,p=3 (τ, 0) = ∓ 129α 2 + 176α + 128 2e
where σ denotes the bandwidth of the Gaussian-shaped frequency spectra of F (ω a ) and F (ω b ) in Eq. (7). Here, the ∓ sign is related to the polarization projection measurement {|D c , |D d } and {|A c , |D d }. Note that, while truncating at a low photon number p makes the analytic forms simpler, it could significantly alter the conditional second order correlation g
C (τ, 0). The analytic forms of g (2) C (τ, 0) up to p = 10 are given in Appendix. Figure 2 shows the numerical simulation of the intensity cross-correlation R cd (τ ) and the conditional secondorder correlation g (2) C (τ, 0) for weak coherent states with |α| = 0.1 and |α| = 1.2. To account for sufficiently large Fock state contributions, truncation is made at p = 10. Also, we assumed that the frequency spectra F (ω a ) and F (ω b ) in Eq. (7) to be Gaussian with the bandwidth of 15/2π MHz in full width at half maximum (FWHM), corresponding to the coherence time τ coh ≈ 260 ns. The blue solid lines and red dashed lines correspond to projection measurement bases {|D c , |D d }, and {|A c , |D d }, respectively. The R cd (τ ) plots in Fig. 2(a) and Fig. 2(b) show the typical Shih-Alley/Hong-OuMandel like peaks and dips with the limited visibility of V = 1/2 [33, 34, 39, 40] . The conditional second order correlation g (2) C (τ, 0) is shown in Fig. 2(c) and Fig. 2(d) . While it is evident that the conditional photon statistics can be manipulated, even becoming super-bunched, i.e., g (2) C (τ, 0) > 2 as in Fig. 2 
C (τ, 0) is never below 1, meaning that the heralded photon states always remain classical.
In Fig. 3 , we show the conditional second order correlation g (2) C (τ, τ c ) for |α| = 0.1 and |α| = 1.2 under different p-photon Fock state truncation. By looking at the asymptotic behaviors of the second order correlation function, we can figure out whether truncation at the particular p-photon Fock state can be justified. First, the g C (τ, 0) at τ = 500 ns. The conditional second order correlation g (2) C (τ > τ coh , 0) starts out showing photon anti-bunching when the Fock state contributions are truncated at a low photon number p. However, as more and more p-photon Fock state components are taken into consideration, it reaches the asymptotic value of 1.5, which corresponds to the case when there is no heralding signal [37] .
What we find in Fig. 3 is that even for weak coherent state at the single-photon regime, |α| = 0.1, asymptotic behaviors are observed at relatively large p = 4. For |α| = 1.2, asymptotic behaviors are not reached until p = 9, meaning that truncation below p = 9 would result incorrect results. If Fock state truncation is made before reaching the asymptotic value corresponding to a particular α, it looks as though conditional photon antibunching were possible [30] [31] [32] . Such conditional photon C (τ, 0) with τ = 500 ns, i.e., τ > τ coh . Even for weak coherent state at the single-photon regime, |α| = 0.1, asymptotic behaviors are observed at relatively large p = 4. For |α| = 1.2, asymptotic behaviors are not reached until p = 9, meaning that truncation below p = 9 would result incorrect results. If Fock state truncation is made before reaching the asymptotic value corresponding to a particular α, it looks as though conditional photon anti-bunching were possible.
anti-bunching from classical light, however, is purely due to improper handling of Fock state truncation. It is necessary to properly account for even seemingly negligible higher-order Fock state components of the coherent state. Figure 4 shows the conditional second order correlation g We also note that, when τ > τ coh , Figs. 2, 3, 4 show that g (2) C (τ, 0) = 1.5 which is larger than the value for the coherent state. This increased value of the second order correlation is due to the fact that the light in mode c is the result of interference between two mutually incoherent laser beams [37] .
V. CONCLUSION
Generation of nonclassical light states is important in quantum optics and inexpensive and simple methods of generating various nonclassical light states would significantly advance the state of the art in experimental quantum information research. In a recent attempt to tackle such a challenging problem, it has been reported that photon anti-bunching or conditional sub-Poissonian photon number statistics can be obtained via secondorder interference of mutually incoherent weak lasers and heralding based on photon counting [30] [31] [32] . Here, we have carried out detailed theoretical and numerical analyses on the limit of manipulating conditional photon number statistics via interference of weak lasers and heralding based on photon counting. We find that conditional photon number statistics can become super-Poissonian in such a scheme. We demonstrate explicitly however that it cannot become sub-Poissonian, i.e., photon antibunching cannot be obtained in such a scheme. Theoretical and numerical analyses show that such incorrect results can be obtained if one does not properly account for seemingly negligible higher-order photon number expansions of the coherent state even at the single-photon regime.
Additionally, our work shows that a light beam having super-Poissonian photon number statistics and photon super-bunching may be easily generated by interfering multiple mutually incoherent laser beams. Such a simple scheme for generating super-bunched light may be of use in optical super-resolution and ghost imaging/interference experiments [41, 42] . 
